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1 Introduction

This handout and the corresponding talk is about ab initio molecular dynamics and some ap-

plications of it. First of all, some methods are explained and discussed. Furthermore, four

different applications concerning proton transport in water and phosphoric acid are presented.

As we all know, water is arguably one of the most important substances for human beings

and for life in general. About 70% of the earth’s surface if covered by seas and the human

body consists to about 2/3 of water, depending on the age. However, water is still not fully

understood and one possibility to investigate into it are computer simulations, for example ab

initio simulations.

An important basic for todays topic is the autoprotolysis of water where two water molecules

dissociate spontaneously into a hydronium and a hydroxide molecule:

2 H2O −⇀↽−− H3O
+ + OH–

The concentrations of these two ions indicate the pH value. For neutral water at pH 7 both

concentrations are identical c(H3O
+) = c(OH−) = 10−7mol

l
.

2 Explaining the Method: Ab Initio Molecular Dynamics

This section is about the theory of ab initio simulations and mainly refers to reference [1]. For

classical molecular dynamics (MD) so called force fields with predefined potentials are used.

Those force fields typically contain 2-body, 3-body and many-body interactions. However, they

have to be parametrized at first. This can be a very time consuming process, especially for

systems with a lot of different atom types since one can not easily conclude from one interaction

to another. An other problem is that the degrees of freedom for the electrons are already coped

with via the potentials, so how do you parametrize changes in electronic structures or bondings?

That is where ab initio MD can be used either for the right parametrization of the force fields

or to go one step back and calculate the entire simulation without predefined potentials.

Typical ranges and timescales of ab initio MD are a few Å and ps which is much lower than

for classical MD but fortunately enough for the observation of proton transport. The forces

acting on the nuclei are computed on-the-fly from energy gradients. Compared to classical

MD electrons add an additional degree of freedom for the calculation. The approximation

is shifted from the selection of the force field to the approximation of the energy functional.

What one basically does is solving the time dependent Schrödinger equation (eq. 1) with the

corresponding Hamiltonian (eq. 2):

i~
∂

∂t
Φ(ri, RI , t) = HΦ(ri, RI , t) (1)
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In the following two different methods for ab initio MD will be presented, the so called Ehren-

fest and Born Oppenheimer MD. For both of them a product ansatz for the nuclear and the

electronic wave function is chosen which leads to a mean field description. Nuclei are approx-

imated as classical charged point particles. For Ehrenfest MD Newton’s equations of motion

for the nuclei are solved while the time dependent Schrödinger equation determines the motion

of the electrons in the field of the nuclei:

Ehrenfest : MIR̈I(t) = −∇I〈Ψ0 |He|Ψ0〉 i~
∂Ψ0

∂t
= HeΨ0

Ψ0 : ground state wave function

So for Ehrenfest MD the electron wave function is propagating accordingly to the time depen-

dent Schrödinger equation.

Using Born Oppenheimer MD (BO-MD) the nuclei are still propagating classically however

this time the time independent Schrödinger equation is solved at every time step in order to

obtain the electronic structure. Therefore time dependence is now a result of nuclear motion

rather than of the propagation according to the Schrödinger equation. The quantum mechani-

cal method of choice has to be density functional theory (DFT). In order to get sufficient results

in DFT, exchanges (Pauli repulsion) and correlations have to get approximated via exchange

correlation functionals. These functionals are only a approximation and can have a huge impact

on the outcome of the simulation. The important three functionals for our topic are shown in

table 1. BO-MD is a good approximation as long as the energy gap between the ground state

an the first excited state is large compared to the thermal energy.

Born Oppenheimer : MIR̈I(t) = −∇I min
Ψ0

{〈Ψ0 |He|Ψ0〉} E0Ψ0 = HeΨ0

There are different advantages and disadvantages for both of the two methods. Since the

electron wave function is calculated via the time dependent Schrödinger equation electron

dynamics can be observed with Ehrenfest MD. However, that is done at the cost of a very

Functional Exchange Correlation

B [2]LYP [3] Becke (B) Lee, Yang, and Parr (LYP)
PW91 [4] Perdew (P) and Wang (W)
HCTH [5] A. Daniel Boese and Nicholas C. Handy

Table 1: Name and inventors of 3 important functionals. For the BLYP functional the exchange
and the correlation part was developed by different groups.
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small time step since the time step is limited by electron motion. Typical time steps are in the

range of 10−3 fs. Since the change of the electron wave function is a result of nuclear motion

for BO-MD electron dynamics are not observable. Therefore, one can use a much larger time

step for the simulation. A time step of 0.5 fs would be realistic. However, the Hamiltonian has

to be diagonalized in every time step in order to calculate the electronic wave function.

3 Applications of Ab Initio Molecular Dynamics

3.1 Hydronium Transport

The first application presented is the hydronium (H3O
+) transport in water where the content

is mainly taken from [6]. When measuring the conductance of hydronium it was found out that

it is about seven times higher then the conductance of sodium ions. To explain that Theodor

Grotthuss suggested the so called Grotthuss mechanism [7] in 1806 which is illustrated in fig. 1.

Figure 1: Illustration of the Grotthuss mechanism: The protons diffuses via structural diffusion.
The original gif can be found at https://en.wikipedia.org/wiki/Grotthuss_

mechanism

However, the actual mechanism is not that simple but it is a good illustration to keep in

mind at first. To explain the mechanism two possible explanations come to mind, the free

rotation nearest-neighbor (nearest-neighbors rotate their hydrogen bond towards the hydronium

molecule, incoherent) and the relay mechanism (there are large clusters of water molecules and

the proton executes coherent hops). Objections for both mechanisms will be found and a more

realistic mechanism will be presented.

Thinking about the structure of liquid water its pretty clear that water cannot be treated as a

free rotator because of the strong hydrogen bonds to 3-4 neighbors in the tetrahedral geometry.

So the free rotator explanation is very questionable.

For the relay mechanism increased mobility would be expected when the clusters are getting

larger, consequently the mobility of protons must be highest in ice. However, the measured

mobility of protons is two times slower in ice than in supercooled water of the same temperature.

In reality an increase in mobility is found for increasing temperatures and pressures, so in

systems where the hydrogen bonds are weakened. This leads to the first important finding
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for the real mechanism: Mobility is correlated with hydrogen bond cleavage, this is the rate

limiting factor!

Using the NMR hopping times τp of protons the diffusion coefficient for a single hopping process

can be approximated with:

D1 =
l2

6τp
(3)

Using the hydrogen bond length l = 2.5 Å between H3O
+ and H2O a reasonable result of

7 · 10−5 cm
2

s
is obtained. Assuming a double hopping process (double the length l) leads to a 4

times higher diffusion coefficient. Therefore, it can be concluded that proton transport is an

incoherent process (there is only one hop at a time).

Two very important structures for the trans-

Figure 2: Illustration of the Eigen- (left) and
Zundel- (right) ion [8].

port process are the so called Eigen- (H9O
+
4 )

and Zundel- (H5O
+
2 ) cations shown in fig. 2.

The Eigen-ion is almost planar and formed

when a hydronium donates three bonds to

surrounding water molecules. These bonding

energies are significantly stronger than the

hydrogen bonds in pure water and stronger

than the activation energy needed for pro-

ton transport. From that it can be concluded

that the first solvation shell of the hydronium remains intact during the proton transport.

Both molecules are closely related to each other and fluctuations can form one or the other.

However, the Zundel-ion represents the symmetric structure which is needed for the transport

step itself. Without surroundings it has an almost flat potential but with surrounding molecules

the proton localizes through fluctuations at one or the other side.

So what are the requirements for the mechanism? It has to be a incoherent hopping process

(there can be only 1 hop at a time). The proton motion is much faster then the reorganization

of the solvent. The first solvation shell of the hydronium ion remains whereas the cleavage of

the hydrogen bond to the second solvation shell is the rate limiting factor. And the transfer

step itself happens between the symmetric H5O
+
2 structure. The mechanism is shown in fig. 3:

At first (picture a) the a Eigen-ion around oxygen b can be seen. The initiation of the trans-

port and the rate limiting step happens when a bond in the second solvation shell gets cleaved

(picture b) and a Zundel-ion can form consisting of oxygen b and c. Trough fluctuations the

proton may stabilize at oxygen c and oxygen a donates a hydrogen bond to oxygen b (picture

c). This is the so called structural diffusion which happens on time scales of about 1 to 2 ps.

Accompanied by the formation is the readjustment of all bond angels and lengths.

A short remark about nuclear quantum effects: Up to this point nuclei were treated as classical

point particles. However, there are non classical effects like tunneling or zero point energy

which could play a role for proton transport. Furthermore, proton tunneling was suggested
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Figure 3: Transport mechanism for H3O
+

to be the origin of a the high diffusion rates of hydronium. To study such a behavior more

sophisticated simulation techniques are needed, so called path integrals.

However, as already stated before the potential for the Zundel-ion is very flat which means if

the Schrödinger equation for the proton in this potential is solved, the first energy eigenvalue

(considering zero point energy) is already higher then the barrier height. So effectively there is

not potential for the proton to tunnel through which means that the proton transport in water

is mainly driven by fluctuations.

3.2 Hydroxide Transport

The second application of ab initio MD is mainly taken from [9], a good example of how the

choice of the functional can affect the outcome of the simulation. The diffusion of hydroxide

(OH−) significantly differs from the diffusion of hydronium. The diffusion process is much less

understood and up to today there is no experimental evidence for any suggested mechanism.

However, there are different scenarios possible. A possible scenario is the mirror image scenario

where the diffusion of OH− is very similar to the diffusion of H3O
+ but with a missing proton

instead of an additional one. An other possible scenario would be a structure where OH−

occurs hypercoordinated, more specifically it occurs with more then the expected amount of

donated/accepted hydrogen bonds.

Tuckerman et al. [9] performed simulations with three different energy functionals (PW91, BLYP

and HCTH) which were mentioned in section 2. All three energy functionals led to qualitative

different results of the simulations.
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3.2.1 PW91 Functional

Figure 4: Illustration of the diffusion process using the PW91 functional: Hydroxide ion is
marked in blue, surrounding water molecules in red.

Illustrating the trajectories of the simulations with the PW91 functional (fig. 4) it was found

that hydroxide accepts three hydrogen bonds and donates one. This topology is very similar

to the topology of bulk water where every molecule accepts and donates two hydrogen bonds.

Therefore, only a light reorientation in the first solvation shell is enough to enable proton

transport and structural diffusion for the hydroxide ion. Since there is only such a slight

reorganization of the solvent necessary the diffusion coefficient of hydroxide in this simulation

is very high, even higher then the diffusion coefficient of hydronium. This is unphysical and

not what is observed in experiments and therefore not a candidate for the actual mechanism.

3.2.2 HCTH Functional

Figure 5: Illustration of the diffusion process using the HCTH functional: Hydroxide ion is
marked in blue, surrounding water molecules in red. Other solvent molecules in
green, yellow and purple.

Using the HCTH functional (fig. 5) hydroxide accepts four hydrogen bonds and donates one

(hypercoordinated). Since the molecule is caught in the solvation complex the geometry com-

pletely prevents proton transport. Structural diffusion cannot be observed with the HCTH

functional. The only possible way the hydroxide can move is by vehicle/hydrodynamic diffu-

sion like a sodium ion would move in water. Since it can only move via vehicle diffusion the

diffusion coefficient of hydronium is similar to the diffusion coefficient of water. This is once
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again unphysical and not what we find in experiments and therefore not a candidate for the

desired mechanism.

3.2.3 BLYP Functional

Figure 6: Illustration of the diffusion process using the BLYP functional: Hydroxide ion is
marked in blue, surrounding water molecules in red.

Simulations with the BLYP functional showed that it first accepts four hydrogen bonds. How-

ever, one of the hydrogen bond can be broken by fluctuations. By reorganization of the solvent

a geometry similar to the geometry of water can occur which enables proton transport trough

structural diffusion. The relaxation and coordination change of the hypercoordinated geometry

into a tetrahedral geometry is the rate limiting step. The resulting diffusion coefficient of hy-

droxide in this simulation is reasonable. It is smaller than the diffusion coefficient of hydronium

but still much larger then the diffusion coefficient of water. This could very well be the actual

mechanism for hydroxide transport in water, nevertheless, it has to be kept in mind that this

is only a prediction, the actual mechanism has not be proved experimentally yet.

3.3 Recombination of Hydronium and Hydroxide

Up to now we were only talking about separated hydronium and hydroxide ions. But what

happens when they approach each other?

It might seem a little strange here that we only talk about recombination and not about au-

toprotolysis in the context of ab initio MD. This gets clear if we think about the amounts of

water molecules which would have to be simulated to observe autoprotolysis. One liter wa-

ter contains about 56 mols of water molecules. In water at pH 7 we have a concentration

of c(H3O
+) = c(OH−) = 10−7mol

l
. The amount of water molecules which would have to be

sampled are far above 100 million. This is far to much to handle with ab initio simulations

and therefore not something to be dealt with in this handout/talk. However, recombination is

pretty easy to simulate since the setup of an ion pair is comparatively simple.

As already mentioned hydronium and hydroxide move through the solvent via structural diffu-

sion. What Hassanali et al. [10] found out is that at a certain contact distance of about 6 Å the

recombination of both ions to water occurs with 1 ps. A picture of the mechanism can be seen

in fig. 7. The mechanism itself looks as follows: As soon as the ions reach a contact distance
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Figure 7: Illustration of the recombination process of hydronium and hydroxide. Two water
molecules build a wire between the ions which allows a concerted triple jump of all
three protons.

of about 6 Å , two solvent molecules form a water wire between the ions. This water wire

is connected with three hydrogen bonds. After the wire is formed all three hydrogen bonds

contract in a concerted fashion which is likely to be the rate limiting step (≈ 0.5 ps). The

hydrogen bond contraction allows all three protons to hop simultaneously to next neighbor

(≈ 65 fs). Effectively, the proton was transported from the hydronium to the hydroxide ion

and the recombination is fulfilled.

3.4 Proton Conductivity in Phosphoric Acid

This last paragraph is about the proton transport in phospho-

Figure 8: Illustration of phos-
phoric acid.

ric acid and based on the paper of Vilčiauskas et al. [11]. Phos-

phoric acid is an example for coherent proton transport and

the formation of Grotthuss chains. Experiments revealed that

phosphoric acid has the highest intrinsic proton conductivity of

all known substances. A very high self-dissociation rate gives

rise to a comparable high concentration of charge carriers (7%

compared to 10−5% in water). The conductivity of phosphoric

acid is mainly caused by the proton conductivity (98 %). Phosphate-based systems are of great

interest for practical application. For example, one technical application they were suggested

for would be electrolytes for fuel cells. On the other hand they are are of great interest for

biochemical and biophysical applications (ATP, ADP).

How does the proton transport in phosphoric acid work and how do Grotthuss chains form?

Local excitations from a contact ion pair (H4PO+
4 /H2PO−4 ). The higher acidity of H4PO+

4 in-

duces subsequent transport steps. The relay time of the proton transport is determined by the
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Figure 9: Correlation function of consecutive proton hops in phosphoric acid for different relay
times τres; Top right: Chemical structure of a Grotthuss chain in phosphoric acid.

hydrogen bond contraction. There are two reasons such chains can form in phosphoric acid but

not in water. The first one would be the shorter hydrogen bonds in phosphoric acid compared

to water. This results in a smaller dipole moment for the charge separation and thus a weaker

coupling to the surrounding environment. The second reason is the faster stabilization of the

chain via protonic polarizability. The gas-phase dipole moment of water is about five times

higher than the gas-phase dipole moment of phosphoric acid (water: 1.85 D, phosphoric acid:

0.45 D). However, the dielectric constant in bulk is of comparable order of magnitude for both

molecules (Water: ≈ 80, Phosphoric Acid: ≈ 61). That means that for phosphoric acid there

is a high contribution of protonic polarizability which is able to stabilize Grotthuss chains in

bulk, which cannot be stabilized in water.

Figure 9 displays the autocorrelation function of the connectivity of the chain (connectivity 1

= 2 consecutive proton hops, etc.). It can be seen that for instantaneous consecutive hops (red

graph, τres = 0) the probability of a second proton hop is about 8%. This is about 50 times

higher than for water. If we increase the possible relay time for the hydrogen bond contraction

the connectivity increases further up to a connectivity of 5.

A lot was said about the chains now, but what about the mechanism itself? This is shown in

figure 10. In illustration a) it can be seen how the transport process itself happens. A ion pair

is formed and the proton is moving via structural diffusion through the solvent. Illustration

b) displays the separated positive and negative charge. In step c) and d) the so called solvent

relaxation is displayed. A solvent molecule close to the chain is able to donate a hydrogen bond

to a molecule in the chain. This hydrogen bond then causes the other hydrogen bond, which is

holding the chain together, to break. The same solvent relaxation is again displayed in e) and
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Figure 10: Illustration of the formation of Grotthuss chains and the proton transport in phos-
phoric acid.

f). After the relaxation the charges have successfully separated.

4 Take Home Message

The really important key points to keep in mind when thinking about structural diffusion in

water and phosphoric acid: The diffusion coefficients of hydronium and hydroxide are much

higher than the diffusion coefficient of water. The diffusion which enables these high diffusion

coefficients is the so called structural diffusion and stays in contrast to the vehicle diffusion. For

the structural diffusion of hydronium the Zundel- and Eigen-ion play an important role. Al-

though, one could assume that the hydroxide transport mirrors the hydronium transport with

a missing proton instead, it is not that simple and the mechanism is not proven experimentally

yet. There are no coherent proton hops in water but they can be observed in phosphoric acid,

a liquid with a high conductivity due to its high self-dissociation rate. And a last comment

concerning ab initio molecular dynamics: The choice of the function can strongly influence the

outcome of a simulation. Always compare to experimental data and ensure yourself that the

results are realistic.
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