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Abstract. The infinitesimal generator of time evolution in the standard equation for exponential (Debye) relaxation
is replaced with the infinitesimal generator of composite fractional translations. Composite fractional translations are

defined as a combination of translation and the fractional time evolution introduced in Physica A, vol 221, page 89

(1995). The fractional differential equation for composite fractional relaxation is solved. The resulting dynamical
susceptibility is used to fit broad band dielectric spectroscopy data of glycerol. The composite fractional susceptibility

function can exhibit an asymmetric relaxation peak and an excess wing at high frequencies in the imaginary part.

Nevertheless it contains only a single stretching exponent. Qualitative and quantitative agreement with dielectric data
for glycerol is found that extends into the excess wing. The fits require fewer parameters than traditional fit functions

and can extend over up to 13 decades in frequency.
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[page 399, §1]

1. Introduction

[399.1.1.1] A most remarkable chemical and physical
universality is known from relaxation experiments near
the glass transition of superooled liquids and other glass
formers [1]. [399.1.1.2] Dielectric spectroscopy, viscoelas-
tic modulus measurements, quasielastic light scattering,
shear modulus and shear compliance as well as specific
heat measurements for glass formers of different chemical
composition all show “strange” or “anomalous” dynamics
with anasymmetrically broadened relaxation peak that
deviates strongly from exponential Debye relaxation [2].

[399.2.1.1] My objective in the present paper is to rein-
terpret the slow anomalous dynamics observed in broad
band dielectric spectroscopy data as evidence for the phys-
ical reality of fractional time evolutions [3]. [399.2.

1.2] Although well known in mathematics fractional semi-
groups were first introduced on general grounds into physics
in Refs. [4, 5]. [399.2.1.3] In [6](see also [7, 3] for later ref-
erences) specific examples of [page 400, §0] fractional time
evolution, namely fractional diffusion and master equa-
tions, were for the first time identified as special cases
of the well developed theory of continuous time random
walks [8, 9, 10, 11, 12, 13, 14, 15, 16] thereby giving a solid
and intuitive physical interpretation of the new concept
that inspired many subsequent workers (see e.g. [17]).
[400.1.0.1] Of course, fractional diffusion equations had
been investigated long before as a purely mathematical
exercise that generalizes ordinary diffusion [18, 19], but
the profound implications for the foundations of physics
were not discussed or investigated in these papers. [400.

1.0.2] Replacing an ordinary time derivative with a frac-
tional derivative is a profound change in the foundations
of physics if the replacement is accompanied with the ex-
plicit or tacit claim that the fractional derivative is the
generator of the physical time evolution. [400.1.0.3] Ex-
perimental evidence is necessary to justify such a dra-
matic change in the foundations of physics. [400.1.0.4]

My motivation for the work presented here was to extend
the experimental evidence for the physical reality of frac-
tional time evolutions beyond the well known examples of
anomalous diffusion and idealized fractional relaxation.

[400.1.1.1] Despite many years of work glassy dynam-
ics remains an active research topic (see [20] for a recent
review). [400.1.1.2] Excess wing and asymmetry of the
so called α-peak are considered to be characteristics of
glassy dynamics that have eluded theoretical understand-
ing. [400.1.1.3] It is the purpose of this paper to show
that both features, asymmetry and excess wing, appear
simultaneously if the time evolution becomes fractional.

[400.1.2.1] Given the objectives the paper is organized
as follows. [400.1.2.2] Let me begin by repeating the

definition of fractional time evolutions, fractional deriva-
tives and dynamical susceptibilities measured in experi-
ment. [400.1.2.3] On the basis of these concepts it is
shown in Section 5 how fractional time evolution gives
rise to Cole-Cole susceptibilities. [400.1.2.4] Reconsider-
ing the micro-macro transition it is argued in Section 6
that composite fractional time evolutions are more real-
istic. [400.1.2.5] In Section 7 the composite fractional
relaxation equation is introduced and novel composite
fractional susceptibilities are derived. [400.1.2.6] As
an application the composite susceptibilities are used to
fit broadband dielectric spectra of glycerol over up to 13
decades in frequency. [400.2.0.7] More important than
the quantitative agreement however is the result that not
only an asymmetric α-peak but also the excess wing re-
gion can result from a single stretching exponent.

2. Fractional time evolutions

[400.2.1.1] What does it mean to replace an ordinary
time derivative with a fractional derivative ? [400.2.1.2]

Are fractional time derivatives the infinitesimal genera-
tors of translations or other symmetry transformations,
and, if yes, what is their nature ? [400.2.1.3] Which
fractional derivative should be used ?

[400.2.2.1] These questions have been generally neglected
by all workers in the field, and were only recently ad-
dressed and answered in Refs. [21, 22, 4, 5, 3]. [400.

2.2.2] It was found that generalized fractional time evo-
lutions Tα, whose infinitesimal generators are fractional
time derivatives of order α, arise very generally in the
transition between microscopic and macroscopic time scales.
[400.2.2.3] The fractional time evolution Tα(t) for dura-
tion t is defined through its action on an observable f(t0)
depending on the time instants t0 by [21, 22, 4, 5, 3]

Tα(t)f(t0) =

∫ ∞
0

f(t0 − s)hα
(s
t

) ds

t
(1)

where t ≥ 0 and 0 < α ≤ 1. [400.2.2.4] The kernel
function hα(x) is the one sided stable probability density
with stable index α [21, 22, 4, 5, 3]. [400.2.2.5] Its Mellin
transform is known to be [23]

M {hα(x)}(t0) =
1

α

Γ((1− s)/α)

Γ(1− s)
. (2)

[400.2.2.6] This allows to identify its density function as
[24, 22, 4, 5, 25]

hα(x) =
1

αx
H10

11

(
1

x

∣∣∣∣∣ (0, 1)

(0, 1/α)

)
(3)

in terms of H-functions [26, 27]. [400.2.2.7] Its well
known Laplace transform reads

L {hα(x)}(u) = e−u
α

. (4)
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[400.2.2.8] The operators Tα(t) form a semi-group and
obey the basic semi-group relation [page 401, §0]

Tα(t1)Tα(t2) = Tα(t1 + t2). (5)

[401.1.0.1] The infinitesimal generator Aα of the frac-
tional semi-group Tα

Aαf(t) = −(Dαf)(t)

= − 1

Γ(−α)

∫ ∞
0

f(t− s)− f(t)

sα+1
ds (6)

is the fractional Marchaud-Hadamard derivative [28]. [401.

1.0.2] For α = 1 the fractional semi-group T1(t) becomes
the semi-group T (t)f(t0) = f(t − t0) of simple transla-
tions. [401.1.0.3] Because of this and because of the
properties (1) and (5) the fractional semi-group Tα(t) will
also be called “fractional translation” for short.

[401.1.1.1] The fractional time evolution/translation Tα(t)
seems to have been first introduced into physics in con-
nection with the discovery of a new class of phase transi-
tions [21]. [401.1.1.2] It was later derived for dynamical
systems from ergodic theory in [22, 4, 5]. [401.1.1.3]

Based on these results it was argued that fractional time
evolutions and fractional dynamics actually exist in na-
ture. [401.1.1.4] Recently the physical basis for formula
(1) was generalized further using the idea of coarse grain-
ing [3]. [401.1.1.5] Formula (1) was previously known in
pure mathematics where it has close connections with the
theory of semi-groups and subordination [29, 30]. [401.

1.1.6] It did not find direct applications in physics until
the present author used it as the foundation for the the-
ory of fractional time evolutions in physics. [401.1.1.7]

Formula (1) was recently rediscovered in physics in the
more restricted context of fractional diffusion [31].

3. Derivatives of non-integer order and non-
integer type

[401.1.2.1] There are many definitions for derivatives
of non-integer order (see [28] for a recent introduction).
[401.1.2.2] A new one-parameter family of Riemann-Liouville
type derivatives was introduced in [3]. [401.1.2.3] Its def-
inition will now be repeated.

[401.1.3.1] The (right-/left-sided) fractional derivative
of order 0 < α < 1 and type 0 ≤ µ ≤ 1 with respect to x
was first introduced in [28, 3, 32]. [401.1.3.2] It is defined
by

Dα,µ
a± f(x) =

(
±Iµ(1−α)a±

d

dx
(I

(1−µ)(1−α)
a± f)

)
(x) (7)

for functions for which the expression on the right hand
side exists. [401.2.0.3] In this definition the symbols Iαa±

stand for the (right/left)-sided Riemann-Liouville frac-
tional integral. [401.2.0.4] The right-sided Riemann-
Liouville fractional integral of order α > 0 is defined for
a locally integrable function f on [a,∞[ as [33]

(Iαa+f)(x) =
1

Γ(α)

∫ x

a

(x− y)α−1f(y) dy (8)

for x > a, the left-sided Riemann-Liouville fractional in-
tegral is defined as

(Iαa−f)(x) =
1

Γ(α)

∫ a

x

(y − x)α−1f(y) dy (9)

for x < a. [401.2.0.5] The Riemann-Liouville fractional
derivative corresponds to the special case µ = 0. [401.2.

0.6] It is the most frequently used definition of a fractional
derivative. [401.2.0.7] The special case µ = 1 is some-
times called Caputo fractional derivative [34, 35], others
attribute it to Liouville [33].

[401.2.1.1] The difference between fractional derivatives
of different types becomes apparent from Laplace trans-
formation. [401.2.1.2] One finds for 0 < α < 1 [3]

L {Dα,µ
a+ f(x)}(u) = uαL {f(x)}(u)

− uµ(α−1)(I(1−µ)(1−α)a+ f)(0+) (10)

where the initial value (I
(1−µ)(1−α)
a+ f)(0+) is the Riemann-

Liouville integral of order (1−µ)(1−α) evaluated in the
limit t → 0+. [401.2.1.3] This shows that the type of
the fractional derivative determines the initial values to
be used in applications, resp. the initial values determine
the type of derivative to be used. [401.2.1.4] Note that
not only derivatives of integer order but also fractional
derivatives of type µ = 1 involve f(0+) as initial value.

4. Linear Debye Relaxation

[401.2.2.1] This section provides some background ma-
terial and definitions for the discussion of dielectric re-
laxation in glass-forming liquids. [401.2.2.2] In the lin-
ear phenomenological theory of irreversible processes one
assumes that the displacements resulting from the appli-
cation of (generalized) forces are linear [36]. [401.2.2.3]

Let xi(t) denote the observable displacement [page 402,

§0] or current at time instant t corresponding to a force
pi(t). [402.1.0.1] If there is no time delay between the
application of the forces and the response of the currents
or displacements then the linear theory postulates

xi(t)− xeqi =
∑
j

Lijpj(t) (11)

where xeqi is defined as the value of xi for vanishing force
pi = 0, and Lij are the so called kinetic coefficients.

[402.1.1.1] When the time variation of the forces be-
comes too fast the response of the displacements or cur-
rents generally starts to lag behind. [402.1.1.2] This
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experimental fact is the basis of memory effects. [402.1.

1.3] By linearity the delayed effect of the forces must be
superposed to obtain the current value of the displace-
ments. [402.1.1.4] Causality requires that only the effects
from the past enter in the linear superposition. [402.1.

1.5] This leads to the generalized relation

xi(t)− xeqi =

∫ t

−∞

∑
j

[
χ∞ij δ(t− s) + χij(t− s)

]
pj(s) ds

(12)

between forces and displacements (or currents). [402.

1.1.6] Here δ(x) denotes the degenerate δ-distribution.
[402.1.1.7] The first term describes the instantaneous re-
sponse while the second describes the delayed response
(aftereffect). [402.1.1.8] The kernel function χij(t) is
called the response function. [402.1.1.9] In writing eq.
(12) one also assumes homogeneity in time, i.e. that the
response of the system does not depend on the origin of
time.

[402.1.2.1] The dynamic susceptibility (also called gen-
eralized compliance, complex admittance, etc.) is defined
as

χij(ω) = χ∞ij +

∫ ∞
0

exp(iωt)χij(t) dt

= χ∞ij + L {χij(t)}(u) (13)

in terms of the Laplace transform of L {χij(t)}(u) of the
response function where u = −iω = −2πiν where ν is
the frequency. [402.1.2.2] In this paper a conveniently
normalized dynamical susceptibility will be used. [402.

1.2.3] It is defined as

χ̂ij(u) =
χij(ω)− χ∞ij
χij(0)− χ∞ij

(14)

where

χij(0) = χ∞ij +

∫ ∞
0

χij(t) dt = χ∞ij + fij(0) (15)

by virtue of (13) and (16).

[402.2.1.1] The response function is closely related to
the so called relaxation function defined by the relation

fij(t) =

∫ ∞
t

χij(s)ds. (16)

[402.2.1.2] Hence one has

χij(t) = − d

dt
fij(t). (17)

[402.2.1.3] The relaxation function fij(t) describes the
relaxation of the observable xi when an applied force pj
of unit magnitude is switched off abruptly.

[402.2.2.1] In the following subscripts will be suppressed
to simplify the notation. [402.2.2.2] Using equation (17)

one finds

χ̂(u) = 1− uL {f̂(t)}(u) (18)

in terms of the Laplace transform of the normalized re-

laxation function f̂(t) = f(t)/f(0).

[402.2.3.1] There are many relaxation phenomena in
nature whose relaxation function obeys the simple ap-
proximate equation

τ
d

dt
f̂(t) + f̂(t) = 0. (19)

[402.2.3.2] An example occurs in dielectric relaxation
where eq. (19) is known as the Debye type relaxation
equation. [402.2.3.3] For dielectric relaxation phenom-
ena the force p is the electric field and the displacement
x is the dielectric displacement or polarisation. [402.2.

3.4] The equilibrium value xeq vanishes (except for ferro-
electrics). [402.2.3.5] The dynamical susceptibility χ
becomes the complex dielectric function. [402.2.3.6] The
solution of eq. (19) is the normalized exponential Debye-
relaxation function

f̂(t) = exp(−t/τ) (20)

with relaxation time τ . [402.2.3.7] The corresponding
normalized susceptibility (dielectric function) is the De-
bye susceptibility

χ̂(u) =
1

1 + uτ
. (21)

[page 403, §1]

5. Idealized fractional relaxation

[403.1.1.1] It was shown in [21, 22, 3, 4, 5] that coarse
graining a microscopic time evolution may lead to a frac-
tional time evolution Tα(t) with 0 < α ≤ 1. [403.1.

1.2] Hence the transition from a microscopic time scale
to a macroscopic time scale amounts to the replacement
T (t)→ Tα(t). [403.1.1.3] As a consequence the infinites-
imal generator A1 = −d/dt has to be replaced with the
infinitesimal generator Aα = −Dα.

[403.1.2.1] To establish fractional differential equations
of motion one also needs initial (and/or boundary) con-
ditions and domains of definition. [403.1.2.2] In the rest
of the paper the initial condition

f(0+) = lim
t→0

f(t) = f0 (22)

with 0 < f0 < ∞ will be used, and the functions will be
assumed to be continuous and bounded unless larger or
smaller spaces are needed. [403.1.2.3] The choice of ini-
tial condition suggests to specify the fractional derivative
Aα = −Dα further as a derivative −Dα,1

0+ of order α and
type µ = 1 with lower limit 0 [3]. [403.1.2.4] Thus one
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arrives at the fractional relaxation equation

ταDα,1
0+ f̂(t) + f̂(t) = 0 (23)

of type 1 with the initial condition f̂(0+) = 1 from eq. (22).
[403.1.2.5] The relaxation time τ serves to make the equa-
tion dimensionally correct.

[403.1.3.1] The fractional relaxation equation is the nat-
ural generalization of the Debye relaxation equation (19).
[403.1.3.2] Its solutions are the eigenfunctions of fractional
derivative operators of order α and type 1. [403.1.3.3]

The solution of the idealized fractional relaxation equa-
tion (of type 1) (23) reads

f̂(t) = Eα

(
−
(
t

τ

)α)
(24)

where

Eα(z) =

∞∑
k=0

zk

Γ(αk + 1)
(25)

is the Mittag-Leffler function [37]. [403.1.3.4] For ideal-
ized fractional relaxation of type µ 6= 1 see [3]. [403.1.

3.5] For α = 1 one has E1(x) = exp(x) and the solution
reduces to the exponential Debye function given in eq.
(20).

[403.2.1.1] Inserting the Laplace transform of (24) into
eq. (18) yields the normalized susceptibility of idealized
fractional relaxation as

χ̂(u) =
1

1 + (uτ)α
(26)

which is recognized as the Cole-Cole expression employed
in [38].

[403.2.2.1] Experimentally this susceptibility is often
used to fit the so called slow β-relaxation peak of many
glass-formers [39]. [403.2.2.2] In such fits one often uses a
linear combination of the Cole-Cole susceptibility (26) for
the β-peak with the so called Havriliak-Negami suscepti-
bility [40] for the α-peak. [403.2.2.3] The full expression
for the traditional fit function is then

χ̂(u) =
1

(1 + (uτ1)α1)
α2

+
C

1 + (uτ2)α3
(27)

where the first term represents the Havriliak-Negami sus-
ceptibility [40]. [403.2.2.4] This linear combination con-
tains six fit parameters and allows to fit the asymmetric
α-peak including the excess wing at high frequencies or
a possible slow β- peak, but excluding the boson peak.
[403.2.2.5] Next it will be shown that a fit function of
similar quality but with fewer parameters can be obtained
from composite fractional time evolutions.

6. Composite fractional time evolutions

[403.2.3.1] In the previous section it was mentioned
that the transition from microscopic to macroscopic time
scales leads to the replacement T1(t) → Tα(t) [3]. [403.

2.3.2] In nature the ratio of microscopic to macroscopic
time scales may be small but is never exactly zero, and
one expects that both time evolutions, T1 and Tα, are
simultaneously present when the ratio is finite. [403.2.

3.3] Therefore it becomes of interest to study also a com-
posite time evolution consisting of a simple shift T1 and
a fractional translation Tα

T̃α(τ1t) = T1(τ1t)Tα(τ2t) = T1(τ1t)Tα(τ1εt) (28)

where 0 < ε = τ2/τ1 <∞ is the ratio of time scales. [403.

2.3.4] T̃α is called a composite fractional time evolution of
order α. [403.2.3.5] For ε = 1 translation T1(t) [page 404,

§0] and fractional time evolution Tα(t) occurr simultane-
ously on the same time scale. [404.1.0.1] For ε → 0 the
standard translation results while for ε → ∞ the com-
bined time evolution approaches a fractional translation.

[404.1.1.1] First note that with g(t0) = (Tα(t2)f)(t0)
and for any admissible function f

(T1(t1) (Tα(t2)f)) (t0)

= (T1(t1)g) (t0) = g(t0 − t1)

= (Tα(t2)f) (t0 − t1)

=

∫ ∞
0

f(t0 − t1 − s)hα
(
s

t2

)
ds

t2

=

∫ ∞
0

(T1(t1)f) (t0 − s)hα
(
s

t2

)
ds

t2

= (Tα(t2) (T1(t1)f)) (t0) (29)

it follows that T1 and Tα commute. [404.1.1.2] Next
observe that T̃α is again a semi-group because

T̃α(t1 + t2) = T1(t1 + t2)Tα(t1 + t2)

= T1(t1)T1(t2)Tα(t1)Tα(t2)

= T1(t1)Tα(t1)T1(t2)Tα(t2)

= T̃α(t1)T̃α(t2) (30)

obeys the semi-group relation by virtue of eq. (29).

[404.1.2.1] The infinitesimal generator Ãα = limt→0+

(T̃α(t) − 1)/t of composite fractional translations is cal-
culated as

Ãα = A+Aα (31)

where A = −d/dt is the infinitesimal generator of T1(t)
and Aα, the infinitesimal generators of Tα(t), is the Mar-
chaud-Hadamard fractional derivative [3].

[404.1.3.1] These considerations suggest to replace the
time evolution T1(t) in a microscopic equation of motion
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with T̃α(t). [404.1.3.2] As a consequence the infinitesi-
mal generator d/dt of time evolution has to be replaced

with the generator Ãα of composite fractional transla-
tions. [404.1.3.3] Possible generalizations of composite
fractional time evolutions may be obtained by general-
izing T̃α(t) into T̃α1,α2

(t) = Tα1
(t)Tα2

(t). [404.1.3.4]

Further generalization is possible by iterating the replace-
ment to get T̃α1,α2,...,αn = T̃α1,α2,...,αn−1Tαn(t).

7. Composite fractional relaxation

[404.2.1.1] In this section the general procedure of re-
placing time translations with composite fractional trans-
lations is applied to the simple relaxation equation (19).
[404.2.1.2] Proceeding along the same lines as in Section 5
and introducing the fractional derivatives of order α and
type µ into the infinitesimal generator Ãα one arrives at
the composite fractional relaxation equation in the form

τ1
d

dt
f̂(t) + τα2 D

α,µ
0+ f̂(t) + f̂(t) = 0 (32)

with two relaxation times 0 < τ1, τ2 < ∞ and initial

condition f̂(0+) = 1 as before.

[404.2.2.1] A first advantage of the replacement T1(t)→
T̃α(t) over the replacement T1(t) → Tα(t) emerges when
eq. (32) is Laplace transformed. [404.2.2.2] Using eq.
(10) one finds

f̂(u) =
τ1f̂(0+) + τα2 u

µ(α−1)(I
(1−µ)(1−α)
0+ f̂)(0+)

1 + (τ2u)α + τ1u
. (33)

[404.2.2.3] If the normalized relaxation function f̂(t) is
continuous and bounded in the vicinity of t = 0 then the

initial condition f̂(0+) = 1, eq. (22), implies

(I
(1−µ)(1−α)
0+ f̂)(0+) = 0 (34)

for all 0 < µ < 1 and 0 < α < 1. [404.2.2.4] This is
readily seen from bounding the integral in eq. (8) using

the assumed continuity and boundedness of f̂ . [404.2.

2.5] For 0 < µ < 1 and 0 < α < 1 equation (33) yields
the result

f̂(u) =
τ1

1 + (τ2u)α + τ1u
(35)

independent of µ.

[404.2.3.1] Using equation (18) the susceptibility corre-
sponding to the composite fractional relaxation equation
is found as

χ̂(u) =
1 + (τ2u)α

1 + (τ2u)α + τ1u
(36)

for all 0 < µ < 1. [404.2.3.2] For τ1 = τ2 this sus-
ceptibility function shows a broadened and asymmetric
relaxation peak in the imaginary part. [404.2.3.3] Its
asymmetrically broadened relaxation [page 405, §0] peak

resembles that of the Cole-Davidson [41] or Kohlrausch
functions (see [42] for the Kohlrausch susceptibility).

[405.1.1.1] For composite fractional relaxation of type
µ = 1 one finds

f̂(u) =
τ1 + τα2 u

α−1

1 + (τ2u)α + τ1u
(37)

and

χ̂(u) =
1

1 + (τ2u)α + τ1u
. (38)

[405.1.1.2] Composite fractional relaxation of type µ = 1
was discussed in [35] in connection with the Basset force
on a sphere moving under gravity in a viscous fluid. [405.

1.1.3] In the following only the case 0 < µ < 1 is consid-
ered for fitting to experimental data.

8. Fitting the excess wing of glass-forming
glycerol

[405.1.2.1] In this section the composite fractional sus-
ceptibility (of type 0 < µ < 1) given in eq. (36) is used to
fit broad band dielectric data of glycerol [43, 20]. [405.

1.2.2] For more discussion of the experimental data see
the contribution of P. Lunkenheimer and A. Loidl in this
special issue.

[405.1.3.1] Figure 1 shows a fit to the experimental data
of glycerol with the composite fractional susceptibility
function given in eq. (36). [405.1.3.2] The upper fig-
ure displays the real part, the lower figure the imaginary
part of the frequency dependent susceptibility χ. [405.

1.3.3] The different curves belong to different tempera-
tures ranging from T = 323K down to T = 184K. [405.

1.3.4] The normalized composite fractional susceptibility
contains three fit parameters, while the traditionally used
linear combination from eq. (27) contains six (resp. five
when α2 = 1) fit parameters. [405.1.3.5] Because the
experimental data are not normalized one additional pa-
rameter is needed in all cases to fit the data. [405.1.3.6]

This extra paramter is the dielectric strength defined as

∆ε = χ(0)− χ∞. (39)

[405.1.3.7] Figure 1 shows that not only the asymmet-
ric α-peak but also the excess wing at high frequencies
can be fitted quantitatively at all except the three lowest
temperatures (T = 204, 195, 184K) using the composite
fractional susceptibility function (36) with only three es-
sential fit parameters. [405.2.0.8] Note that for T = 213K
the fit extends over almost 9 decades in frequency.

[405.2.1.1] If an iterated composite fractional time evo-
lution [page 406, §0] with four parameters is introduced
an even better quantitative agreement can be obtained at
all availaible temperatures. [406.1.0.1] In Figure 2 the
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Figure 1. Separate fits for χ′(ω) (upper figure) and χ′′(ω)
(lower figure) using the composite fractional susceptibility
from eq. (36) for temperatures T =323, 303, 295, 289, 273,
263, 253, 243, 234, 223, 213, 204, 195, 184 K (from right to
left) as function of frequency ω = 2πν. The experimental data
are taken from Ref. [43]. The corresponding fit parameters
α, τ1, τ2 are shown in Figures 3 and 4. The dielectric strength
∆ε is plotted in Figure 3 as function of temperature.

composite fractional susceptibility

χ̂(u) =
1 + (τ1u)α1 + (τ2u)α2

1 + τ1u+ (τ1u)α1 + (τ2u)α2
(40)

with four parameters was used to fit the same data as in
Figure 1. [406.1.0.2] This fit function has still two (resp.
one) parameter less than the conventional fit function of
eq. (27). [406.1.0.3] Note that in this case for T =
184K the agreement extends over 13 decades in frequency
including the full range of the excess wing.

[406.1.1.1] The values of the fit parameters were found
to depend sensitively on the frequency range that was in-
cluded in the fit. [406.1.1.2] For this reason real and
imaginary part were fitted separately. [406.1.1.3] The
variation of the fit parameters for real and imaginary part
gives an impression of the quality of the fit. [406.1.1.4]
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Figure 2. Separate fits for χ′(ω) (upper figure) and χ′′(ω)
(lower figure) using the composite fractional susceptibility
from eq. (40) for temperatures T =323, 303, 295, 289, 273,
263, 253, 243, 234, 223, 213, 204, 195, 184 K (from right to
left) as function of frequency ω = 2πν. The experimental data
the same as in Figure 1.

One source for parameter variations might be that the ex-
perimental data are patched together from differentmea-
surements. [406.2.0.5] The matching of different data
sets leads to visible breakpoints in the experimental data
sets.

[406.2.1.1] In Figure 3 and 4 the fit parameters for real
and imaginary parts corresponding to the fits shown in
Figure 1 are plotted against temperature. [406.2.1.2]

Figure 4 shows the relaxation times in an Arrhenius plot.
[406.2.1.3] Clear deviations from Arrhenius behaviour are
found. [406.2.1.4] Figure 3 shows the exponent α and di-
electric strength ∆ε from the normalized composite frac-
tional susceptibility. [page 407, §0] [407.1.0.1] Note that
the dependence of α on temperature shows a qualitative
different behaviour than for fits using Havriliak-Negami
or Cole-Davidson functions. [407.1.0.2] In those cases the
exponent decreases slowly with temperature from values
around 0.8 to values around 0.5. [407.1.0.3] Here the



EXPERIMENTAL EVIDENCE FOR FRACTIONAL TIME EVOLUTION IN GLASS FORMING MATERIALS 7

180 200 220 240 260 280 300 320 340
0.4

0.6

0.8

1

α

T[K]

(a) Glycerol

180 200 220 240 260 280 300 320 340
0

50

100

150

∆
ε

T[K]

(b) Glycerol

Figure 3. (a) Stretching exponent α from eq. (36) for the
fits shown in Figure 1. (b) Dielectric strength ∆ε from eq.
(39) for the fits based on eq. (36) shown in Figure 1. The two
values at each temperature correspond to real and imaginary
part χ′, χ”.

values of α seem to remain flat for a temperature window
between 200-300K where they fall into the range between
α = 0.5 and α = 0.6. [407.1.0.4] The values seem to
increase with lowering the temperature, but this could
be an artefact because the low temperature fits are only
qualitatively accurate. [407.1.0.5] On the other hand the
increase at low T could also suggest a return to an ef-
fective non-fractional time evolution at low temperatures
in the glassy phase. [407.1.0.6] For α → 1 the excess
wing in the composite fractional susceptibility function
becomes increasingly flat.

[407.1.1.1] In summary the present paper has derived
a novel three parameter susceptibility function from the
theory of fractional time evolutions [3]. [407.1.1.2] The
new function contains only a single stretching exponent.
[407.1.1.3] It shows two widespread characteristics of re-
laxation spectra in glass forming materials: i) an asym-
metry of the α-peak and ii) an excess wing at high fre-
quencies. [407.1.1.4] The excess wingis not shown by the
popular Cole-Cole, Cole-Davidson, Havriliak-Negami or
Kohlrausch-Williams-Watts functions. [407.1.1.5] The
new fit function with only three parameters yields agree-
ment with broad band dielectric data over up to 9 decades
in time. [407.1.1.6] A four parameter generalization
gives good agreement over up to 13 decades in frequency.
[407.1.1.7] Nevertheless the large uncertainty in the fit pa-
rameters indicates that smoother experimental data are
needed to establish conclusively whether composite frac-
tional time evolutions exist in experiment.
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Figure 4. Relaxation times τ1 (circles) and τ2 (triangles)
from eq. (36) for the fits shown in Figure 1. The two values
at each temperature correspond to real and imaginary part
χ′, χ′′.
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